Integral Calculus - 1 Vidyamandir Classes

REDUCTION FORMULA Section - 6
6.1 Introduction

Some functions occur whose integrals are not immediately reducible to one or other of the standard form and whose
integrals are not directly obtainable In such cases we find out a formula (called reduction formula) which connects one
integral with another in which the intergrand is of the same type but is of lower degree or order and hence easier to

integrate.

The following examples will illustrate you the concept of deriving the reduction formulas for various functions :

lllustration - 24 _ . n-1
171, =[sin" xdx, then 1, ==L f(n)1,_,, for f (n) =

n—1 n ! n—-2 n
. (B) 1 (©) . (D) P

(A)

SOLUTION : (A)

Let I, = Isin”xdxz Isin”_lx-sinxdx

n-1

Apply by parts taking sin x as first part and sin x as second part.

% xcos? x dx

= In=sin”_1x-(—cosx)+_[(n—1) sin” ~
=—c0sxsin"_1x+(n—1) Isin"_zx(l—sinz x) dx

=—cos xsin" ' x+(n-1) [sin" "2 x dx—(n-1) [sin” x dx

= I, =—cosxsin" ' x+(n-1)1, ,—(n-1)1,
-1
= nln:—cosxsin"_1x+(n—l)1n_2; Inz_cosxsm" x+n—11n_2
n n
YY1 1, ftan” xds, thenn— 1) 1, + 1, ) =
(A) tan""* x (B) tan" " x © tan" x (D) tan"*! x
SOLUTION : (B)
-1
Here 1I,= J.tan"xdxzj.tan”_zxtanzxdx = In+In_2=tann 1x
n—

1

_ n—2 2
= Jtan""? x (sec” x—1) dx Hence (n— 1) (I, + I, ,) = tan"~ ' x.

= _“’[an"'2 xsec? xdx —1I, 5

Illustration - 26 n—2
Ifj w"‘f(”)jsecn_zxdx,thenf(n)=

sec” x dx =
n—1

—

n (B) n—1 (©) n-2 (D) n—

n—1 n n—1 n-—
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SOLUTION : (C)

Let I,= Isec" X = I,= .[sec”_2 xsec” x dx

2

Apply by parts taking sec” ~ 2 x as the first part and sec’x as the second part.

_ d _
= 1, =sec" 2 x [sec’x dx— J.{—(sec" 2 %) J.secz xdx} dx
dx
= I, =sec" % xtanx— I(n—Z)sec"_sxsecxtanxtanxdx
_ n—-2 n—2 2
= I, =sec xtan x —(n—2) |sec x (sec” x—1) dx
= I, =sec" % xtan x—(n—2) [sec” xdx+ (n—2) [sec" 2 x dx
_ n-2 n—2
= 1, +(n-2)1, =sec xtan x + (n—2) |sec” ~ “x dx.
= (n-1)1,=sec" % xtanx+(n-2)1, ,
sec" "% x tan -2 _
Hence Isec"x dx = ranx, n jsec" 2x dx.
n—1 n—1

lllustration - 27

-1
If I, =|e" cos" x dx, then I, =e® (MJCOS"_I x+mln_2 for f(x) =

a’ +n? a’ +n?

(A) acosx+nsinx (B) asinx+ncosx (C) a? cosx+n? sinx (D) a? sinx+n%cosx

SOLUTION : (A)
Let I, = Ie”"x cos” x dx
Apply by parts taking cos”x as the first part and e¢** as the second part.
n ax d n ax
= I, =cos” x Ie dx—J{—(cos x) Ie dx}dx
dx

ax ax

e _ . e

= I, =—cos" x— [ncos”" X (=sin x) — dx
a a
1 ax n n n-1 : ax

= I, =—e" cos" x+— I(cos X sin x) e dx
a a

1

Apply by parts again taking cos” ~ ' x sin x as first part and ¢** as second part.

1 n _ . noel d _ .
= In=—e“xcos"x+—(cos" ! xsinx) Ie“x——j—(cos" ! xsinx) je‘”dx dx
a a a”’|dx
1 n 1 . e n o . _ e™
= I, =—e* cos" x+— cos” 1xsmx———J‘[—(n—l)cos" 2 xsin? x+cos” lxcost—dx
a a a a a
1 n _ . n(n-1 _ n
= I, =—e"" cos"x+—2e”x cos” ! xsinx+ ( 5 )Je“x cos" "2 x (1-cos? x) dx——zje‘” cos” x dx
a a a a
2
1 n _ . n(n-1) n
= I, =—e" cos" x+—¢" cos” 1xs1nx+—21n_2——21n
a a a a
2
n 1 . _ nn-1
= (1+—2J1n=—ze“x(acosx+nsmx)cos" Tx+ ( 5 )In_2
a a a
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Hence Ie“x cos” x dx = e [

This is the required reduction formula.

Illustration - 28
U I

m

(A)

m+n

SOLUTION : (A)

Let

2

acosx+nsinx]
—_— C

a’® +n’
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_ n(n-1) _
os” 1x+%je“x cos” % x dx

a +n

1

m, n

(B)

n

m+n

= |cos™ x sin nx dx

= jcosm xsinnx dx = f(m,n)l, 1 , |-

©

cos™ x cosnx

, then f (m, n) =
m+n
m—1 n—1
(D)
m+n m+n

Apply by parts taking cos™ x as the first part and sin nx as the second part.

=

Now

I

m, n

m,n

n

cos™ xcosnx m m
- —— |cos

n

COSs nx _ . COs nx
= cos" x (— )— J.mcosm X (=sinx) (— j dx
n

Iy (sin x cos nx) dx

sin (n — 1) x = sin nx cos x — cos nx sin x

€os nx sin x = sin nx cos x — sin (n — 1) x.

1

m,n

E-

cos” xcosnx m

n

n

cos™ xcos nx

n

cos™ xcosnx m m—l
—_— Icos

m

. m _
Icos’" X sin nx dx + — Icos’”
n

m—-1,n-1

x[sin nx cos x—sin (n—1) x]dx

1)csin(n—l)xa’)c

m cos” xcosnx
= Dy =2 q, -8 XCOSHE
m+n m+n
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